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Abstract
In the presence of the nontrivial QCD ground state or vacuum, nonlocal condensates
are used to characterize the quark or gluon propagator, or other Green functions of higher
order. In this paper, we wish to show that, by taking the large Nc limit (with Nc the
number of color) in treating higher-order condensates, a closed set of coupled differential
equations may be derived for nonlocal condensates. As a specific example, the leading-
order equations for the nonlocal condensates appearing in the quark propagator are derived
and explicit solutions are obtained. Some applications of our analytical results are briefly
discussed.
PACS Indices: 12.38.Lg; 12.38.Cy; 12.38.Aw.
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I. Introduction
The problem of strong interaction physics has been around for more than half a century,
but the very nature of the problem varies with the so-called “underlying theory” which
nowadays is taken universally to be quantum chromodynamics or QCD. Although the
asymptotically free nature of QCD allows us to test the candidate theory at high energies,
the nonperturbative feature dominates for hadrons or nuclei at low energies. As of today,
it remains almost impossible to solve problems related to hadrons or nuclei, except perhaps
through lattice simulations but it is unlikely that, through the present-day computation
power which is still not quite adequate, simulations would give us most of what we wish to
know. However, the need of solving QCD directly has gained tremendous importance over
the last decade and, to this end, any fruitful attempt in confronting directly with QCD
should be given due attention.
The ground state, or the vacuum, of QCD is known to be nontrivial, in the sense
that there are non-zero condensates, including gluon condensates, quark condensates, and
perhaps infinitely many higher-order condensates. In such a theory, propagators, i.e. causal
Green’s functions, such as the quark propagator
iSabij (x) ≡< 0 | T (q
a
i (x)q¯
b
j(0)) | 0 >, (1)
carry all the difficulties inherent in the theory. Higher-order condensates, such as a four-
quark condensate,
< 0 | T (ψ¯(z)γµψ(z)q
a
i (x)q¯
b
j(0)) | 0 >,
with ψ(z) also labeling a quark field, represent an infinite series of unknowns unless some
useful ways for reduction can be obtained. As the vacuum, | 0 >, is highly nontrivial,
there is little reason to expect that Wick’s theorem (of factorization), as obtained for free
quantum field theories, is still of validity. Thus, we must look for alternative methods in
order to obtain useful results.
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It is known that the equations for Green functions up to a certain order usually involve
Green functions of even higher order, thereby making such hierarchy of equations often
useless in practice. In this paper, however, we wish to show that, provided that we may
use the large Nc approximation to treat condensates of much higher order, there is in fact a
natural way of setting up closed sets of differential equations which govern the inter-related
Green functions to a given order. We consider this as an important accomplishment, both
because we can always go over to the next level of sophistication in order to improve
the approximation and because the large Nc expansion has been shown to yield desirable
results for describing hadron physics.
II. Leading-order Equations for Nonlocal Condensates
In light of the nontrivial QCD vacuum, we begin by considering the feasibility of
working directly with the various matrix elements such as the quark propagator of Eq.
(1). Useful relations may be derived if we regard the equations for interacting fields [1],
{iγµ(∂µ + ig
λa
2
Aaµ)−m}ψ = 0; (2)
∂νGaµν − 2gf
abcGbµνA
c
ν + gψ¯
λa
2
γµψ = 0, (3)
as the equations of motion for quantized interacting fields, subject to the standard rule
for quantization that the equal-time (anti-)commutators among these quantized interating
fields are identical to those among non-interacting quantized fields. As our basic example,
we allow the operator {iγµ∂µ −m} to act on the matrix element defined by Eq. (1) and
obtain
{iγµ∂µ −m}ikiS
ab
kj (x) =iδ
4(x)δabδij+ < 0 | T ({g
λn
2
Anµγ
µq(x)}ai q¯
b
j(0)) | 0 > .
(4)
We should always keep in mind that the QCD vacuum | 0 > is a nontrivial ground state
which is in general not annihilated by operating on it the annihilation operators.
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Eq. (4) can be solved by splitting the propagator into a singular, perturbative part
and a nonperturbative part:
iSabij (x) = iS
(0)ab
ij (x) + iS˜
ab
ij (x), (5)
where
iS
(0)ab
ij (x) ≡
∫
d4p
(2π)4
e−ip·xiS
(0)ab
ij (p), (6a)
iS
(0)ab
ij (p) = δ
ab i(pˆ+m)ij
p2 −m2 + iǫ
, (6b)
with aˆ ≡ γµaµ for a four-vector aµ. The nonperturbative part then satisfies the equation:
{iγµ∂µ −m}ikiS˜
ab
kj (x) =< 0 | T ({g
λn
2
Anµγ
µq(x)}ai q¯
b
j(0)) | 0 > . (7)
This would be pretty much the end of the story unless we could find some way to proceed.
We should note that Eq. (4) may also be derived by making use of, e.g., the path-integral
formulation, and the issue of how to define renormalized composite operators, i.e. products
of field operators, is by no means trivial (and fortunately we need not worry about such
problem for the sake of this paper).
As a useful benchmark, we note that, with the fixed-point gauge,
Anµ(x) = −
1
2
Gnµνx
ν + · · ·, (8)
we may solve the nonperturbative part iS˜abij (x) as a power series in x
µ,
iS˜abij (x) =−
1
12
δabδij < q¯q > +
i
48
mxˆijδ
ab < q¯q >
+
1
192
< q¯gσ ·Gq > δabx2δij + · · ·, (9)
The first term is the integration constant which defines the so-called “quark condensate”,
while the mixed quark-gluon condensate appearing in the third term arises because of Eqs.
(7) and (8). It is obvious that the series (9) is a short-distance expansion, which converges
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for small enough xµ. We note that is just the standard quark propagator cited in most
papers in QCD sum rules [2].
The approach which we suggest here [3] is based upon two key elements, namely, the
set of interacting field equations plus the rule of canonical quantization (for interacting
fields). The equations which we obtain, such as Eq. (5), are much the same as the set
of Schwinger-Dyson equations (for the matrix elements). An important aspect in our
derivation is that the nontriviality of the vacuum | 0 > is observed at every step − a
central issue in relation to QCD.
As another important exercise, we may split the gluon propagator into the singular,
perturbative part and the nonperturbative part. The nonperturbative part is given by [3]
g2 < 0 |:Gnµν(x)G
m
αβ(0): | 0 >
=
δnm
96
< g2G2 > (gµαgνβ − gµβgνα)
−
δnm
192
< g3G3 > {x2(gµαgνβ − gµβgνα)− gµαxνxβ + gµβxνxα − gνβxµxα + gναxµxβ}
+O(x4), (10)
with
< g2G2 > ≡< 0 |: g2Gnµν(0)G
nµν(0): | 0 >, (11a)
< g3G3 > ≡< 0 |: g3fabcgµνGaµα(0)G
bαβ(0)Gcβν(0): | 0 > . (11b)
Again, the first term in Eq. (10) is the integration constant for the differential equation
satisfied by the gluon propagator. Note that inclusion of the gluon condensate < g2G2 >
in Eq. (10) is standard but the triple gluon condensate < g3G3 > is a new entry required
by the interacting field equation (3). Our approach indicates when condensates of entirely
new types should be introduced as we try to perform operator-product expansions to higher
dimensions.
In what follows, we wish to focus on the quark propagator, as specified by Eqs. (1)
and (4)-(7). We write
iS˜abij (x) = δ
ab{δijf(x
2) + ixˆijg(x
2)}, (12)
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with x2 ≡ x20 − x
2. f(x2) and g(x2) are what we refer to as “nonlocal condensates” in
connection with the quark propagator. We note that
<: q¯(x) q(0) :>= −12f(x2), (13)
which is the nonlocal quark condensate in the standard sense. To proceed further, we work
only with the leading term in the fixed-point gauge and introduce
<: {gGµνq(x)}
a
i q¯
b
j(0) :>
=δab{(γµxν − γνxµ)A(x
2) + iσµνB(x
2) + (γµxν − γνxµ)xˆC(x
2) + iσµν xˆD(x
2)}, (14)
with Gµν ≡ (λ
n/2)Gnµν , an antisymmetric operator. The invariant functions A(x
2), B(x2),
C(x2), and D(x2) are additional nonlocal condensates which we deal with explicitly in this
paper.
Under the assumption that we keep only the leading term in the fixed-point gauge (a
simplifying assumption which can be removed whenever necessary), we have
{iγα∂α −m}ik <: {gGµνq(x)}
a
kq¯
b
j(0) :>
=−
1
2
xβ <: {g2GµνGαβγ
αq(x)}ai q¯
b
j(0) :> (15a)
=−
1
2
·
1
96
·
4
3
· < g2G2 ><: {(γµxν − γνxµ)q(x)}
a
i q¯
b
j(0) :> (15b)
=−
1
144
< g2G2 > δab(γµxν − γνxµ){f(x
2) + ixˆg(x2)}. (15c)
Here the second line, (15a), follows from the field equation and the third line, (15b), is
based on the large Nc approximation that the contribution in which Gµν and Gαβ do not
couple to color-singlet is suppressed by a factor of 1/N2c . Thus, the factorization in the
present case is justified to order 1/N2c , rather than just order 1/Nc. We also note that we
have used Eq. (10) to leading order in obtaining Eq. (15b), but this approximation can
be relaxed if necessary.
Now, we may use Eqs. (7) and (15c) and obtain a closed set of equations:
2f ′(x2)−mg(x2) = −
3
2
i(B − x2C), (16a)
6
2x2g′(x2) + 4g(x2) +mf(x2) =
3
2
x2(A−D), (16b)
4iB′ − 2iC − 2ix2C′ −mA = −
1
144
< g2G2 > f(x2), (16c)
2iA+ 2ix2D′ −mB = 0, (16d)
− 2iA′ + 4iD′ −mC = −
i
144
< g2G2 > g(x2), (16e)
2iB′ + 2iC −mD = 0, (16f)
where the derivatives are with respect to the variable x2.
Treating m as an expansion parameter,
F (x2) =
∞∑
k=0
mkFk(x
2), (17)
we may solve the coupled equations, (16a)-(16f), order by order in m. To leading order in
m, we obtain
x2f ′′′0 + 3f
′′
0 − ξ
2
0x
2f ′0 − 2ξ
2
0f0 = 0, (18)
(x2)3g′′′0 + 5(x
2)2g′′0 + {2x
2 − ξ20(x
2)3}g′0 − {2 + 2ξ
2
0(x
2)2}g0 = 0, (19)
with ξ20 ≡< g
2G2 > /384. The equations for A0, B0, C0, and D0 can easily be solved once
we obtain f0 and g0.
Eq. (19) can be simplified considerably by introducing
g0(x
2) ≡ (x2)−2g˜0(x
2), (20a)
which leads to the equation:
x2g˜′′′0 − g˜
′′
0 − ξ
2
0x
2g˜′0 = 0. (20b)
Eqs. (17) and (20) can be solved by iteration, leading to the result:
f0(t) =a0{1 +
1
1 · 3
(ξ0t)
2 +
1
1 · 32 · 5
(ξ0t)
4 + · · ·}
+a1t{1 +
1
2 · 4
(ξ0t)
2 +
1
2 · 42 · 6
(ξ0t)
4 + · · ·}, (21)
g˜′0(t) =c2t
2{1 +
1
2 · 4
(ξ0t)
2 +
1
2 · 42 · 6
(ξ0t)
4 + · · ·}, (22)
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with t ≡ x2 and
a0 = −
1
12
< q¯q >, a1 =
1
192
< q¯gcσ ·Gq >, c2 = −
g2c < q¯q >
2
25 · 34
. (23)
Eq. (23) is obtained by comparing to the well-known series expansion for the quark
propagator (see, e.g., [4]). Note that there are two integration constants, a0 and a1, for
f(x2) but there is only one permissible constant for g(x2) (and c2 is in fact a four-quark
condensate taken in the large Nc limit).
For a number of applications, it is useful to obtain analytic expressions for f0(t) and
g0(t). This turns out to be possible by way of Laplace transforms.
f¯0(s) ≡
∫
∞
0
dse−stf0(t), ¯˜g
′
0(s) ≡
∫
∞
0
dse−stg˜′0(t). (24)
We obtain
f¯0(s) = −
2a1
ξ20
−
a0
ξ0
s√
s2 − ξ20
sec−1
s
ξ0
+
γ0s√
s2 − ξ20
, (25)
¯˜g
′
0(s) =
2c2
(s2 − ξ20)
3/2
, (26)
with γ0 = 2a1/ξ
2
0 . Looking up the table for Laplace transforms, we find
g˜′0 =
2c2
ξ20
· ξ0t · I1(ξ0t), (27)
with I1(z) the modified Bessel function of the first kind, to order one. It is straightforward
to show that Eq. (27) yields the series expansion in Eq. (22). Also, the function I1(ξ0t)
enters the second series in f0(t) as in Eq. (21).
To close our presentation of the explicit solution to leading order in m, we note that
Eqs. (16) yields
f ′0(t) = −i
3
4
(tB0(t))
′, (28a)
C0(t) = −B
′
0(t), (28b)
tg′0(t) + 2g0(t) = −
3
4
t(tD0(t))
′, (28c)
A0(t) = −tD
′
0(t). (28d)
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Thus, the functions A0, B0, C0, and D0 can be solved explicitly once f0 and g0 are known.
On the other hand, we may go beyond the leading order in m and obtain, as example,
tf ′′′1 + 3f
′′
1 − ξ
2
0tf
′
1 − 2ξ
2
0f1
=
1
2
tg′′0 +
3
2
g′0 −
3
8
{tA′0 + 2A0 + t(tD0)
′′ + 2(tD0)
′}; (29a)
t3g′′′1 + 5tg
′′
1 + (2t− ξ
2
0t
3)g′1 − (2 + 2ξ
2
0t
2)g1
=−
1
2
(t2f ′′0 + tf
′
0 − f0) +
3t2
8
(−iB′0 + 2iC0 + itC
′
0). (29b)
These equations can also be solved by Laplace transforms. In other words, the nonlocal
condensate functions f(x2) and g(x2) can be analytically solved order by order in m.
III. Discussion and Summary
Thus far, we have described how to obtain a closed set of coupled equations for the
nonlocal condensates which are relevant in the description of the quark propagator. We
have also shown how these equations can be solved explicitly. Furthermore, some of the
assumptions underlying our equations can be relaxed and more elaborate equations may
then be obtained. Of course, some of our results are gauge dependent as the quark propa-
gator (1) has been analyzed in a specific gauge (8). Nevertheless, our primary motivation
for studying the quark propagator stems from our interest in the method of QCD sum
rules [1], which may be regarded as the various approaches in which one tries to exploit
the roles played by the quark and gluon condensates for problems involving hadrons. In
this regard, results based on our leading-order equations are often adequate and the final
answers are in general free from the potential gauge dependent problem.
There are several approaches of QCD sum rules towards hadron physics. As the first
approach, we may consider the Belyaev-Ioffe nucleon mass sum rules [5,4], where the short-
distance expansion for the quark propagator is needed up to a certain (high) dimension.
In this context, our analytical results on nonlocal condensates may not be very useful if
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the resultant series converges rapidly, and in general our analytical expressions may be
used to perform further analytical analysis of the problems as a way to improve the results
obtained via short-distance expansions (in xµ). The second approach is to consider the
response of the QCD vacuum to some external fields, such as the method of QCD sum
rules in the presence of an external axial field Zµ(x) [6]. In this context, certain induced
condensates are introduced (previously as new parameters) but the method offers a simple
extension of the first approach in calculating magnetic moments, coupling constants, and
other quantities by avoiding a need to treat explicitly the three-point Green’s functions
- a need which would still involve some conceptual difficulties. What is of great interest
is that our analytical expressions for nonlocal condensates help to determine the induced
condensates previously treated as new parameters, thereby making the external-field QCD
sum rule method more powerful than what it used to be. To illustrate the point, we
consider the external axial field Zµ with the interaction,
δL(x) = gZµ(x)q¯(x)γµγ5q(x). (30)
For a constant Zµ field, there are two major induced condensates [6]:
< 0 | q¯(0)γµγ5q(0) | 0 >Zα and < 0 | q¯(0)gcG˜µνγ
νq(0) | 0 >Zα .
We now have
< 0 | q¯(0)γµγ5q(0) | 0 >Zα
=i
∫
d4xgZα(x) < 0 | T (q¯(x)γαγ5q(x)q¯(0)γµγ5q(0)) | 0 >
=i
∫
d4xgZα(x){Tr[iS(0)(−x)γαγ5iS
(0)(x)γµγ5]
+ Tr[iS˜(−x)γαγ5iS
(0)(x)γµγ5]
+ Tr[iS(0)(−x)γαγ5iS˜(x)γµγ5]
+ Tr[iS˜(−x)γαγ5iS˜(x)γµγ5]}. (31)
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The first term is the one-loop result which can be regularized (e.g., in d dimensions) and,
as expected for a perturbative contribution, its finite part is small compared to the second
and third terms. The last term, which can be treated numerically, involves products of two
condensates and it is higher than the second or third term by at least three dimensions
(and is likely of less numerical significance).
Analogously, we have
< 0 | q¯(0)gcG˜µνγ
νq(0) | 0 >Zα
=i
∫
d4xgZα(x) < 0 | T (q¯(x)γαγ5q(x)q¯(0)gcG˜µνγ
νq(0)) | 0 >
=igZαgc
1
2
ǫµνλη
∫
d4xTr{γαγ5iS
ba(x)γν <: (Gληq(0))aqb(x) :>}. (32)
Thus, our analytical results on A0, B0, C0, and D0 [Cf. Eqs. (14) and (28)] may be used
to evaluate Eq. (32).
Without going into the details (which shall be presented elsewhere together with
detailed discussions), we mention that, upon Wick’s rotation on the time integration
(
∫
∞
−∞
→
∫ i∞
−i∞
), our analytical solutions can be employed explicitly. The final results
for the above two induced condensates are recorded immediately below:
< 0 | q¯(0)γµγ5q(0) | 0 > ≡ gχZµ < q¯q >, (33a)
< 0 | q¯(0)gcG˜µνγ
νq(0) | 0 > ≡ gκZµ < q¯q >, (33b)
χ(1) < q¯q > =
m2
2π2
(ln
πm2
µ2
+ γE), (33c)
χ(2) =
π
2
m
ξ0
−
1
16
mm20
ξ2o
+
g2c
216
< q¯q >
ξ20
, (33d)
κ =
m
8
(π + 2 ln 2 + 1)−
1
32
mm20
ξ0
. (33e)
Numerically, we find χa ≈ 0.15GeV 2 and κa ≈ 6 × 10−4GeV 4. (Here we have used
the updated value on the gluon condensate [7], the current quark mass, and other input
parameters as adopted previously [4].) Such values for the induced condensates, albeit
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somewhat smaller than the commonly adopted ones, are not unexpected since the leading
contributions are linear in the “current” quark mass m.
There are other problems for which our analytical results may be very useful. For
example, the amplitude given by
Tµν(q
2, p · q) = i
∫
d4xe−iq·x < π+(p) | T (Jµ(x)Jν(0)) | π
+(p) > (34a)
≡ (−gµν +
qµqν
q2
)T1(q
2, p · q)
+
1
p2
(pµ −
p · q
q2
qµ)(pν −
p · q
q2
qν)T2(q
2, p · q), (34b)
characterizes the forward Compton scattering off π+ (a Goldstone boson) and also the
parton distributions of π+. Applying the soft-pion theorem (together with current algebra),
we find, in the limit of pµ → 0,
Tµν(q
2, 0)
=
i
f2pi
∫
d4xe−iq·x < 0 | T ({A1µ(x)− iA
2
µ(x)}{A
1
ν(0) + iAν(0)} − 2V
3
µ (x)V
3
ν (0)) | 0 > .
=
i
f2pi
∫
d4xe−iq·xTr{iSbad (−x)γµγ5iS
ab
u (x)γνγ5
−
1
2
iSbau (−x)γµiS
ab
u (x)γν −
1
2
iSbad (−x)γµiS
ab
d (x)γν}. (35)
The structure functions Wi(q
2, p.q) (in the description of deep inelastic scattering off the
π+ target) is the imaginary part of Ti(q
2, p · q) divided by the factor π. Eq. (35) suggest
that our analytical expressions for the nonlocal condensates may be useful for analyzing
properties of Goldstone pions. We find, as a soft-pion limit,
W1(q
2, p · q) =
1
π
ImT1(q
2, p · q)
−→
m < q¯q >
2f2piξ0
, as pµ → 0 and qµ → 0. (36)
This limit is derived making use of our analytical expressions on the nonlocal condensates,
again with Wick’s rotation on the time integration.
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In summary, we have in this paper suggested a specific way of obtaining a closed set
of coupled differential equations for nonlocal condensates. Specifically, the leading-order
equations for the nonlocal condensates in relation to the quark propagator are obtained
and explicit analytical solutions are obtained. We believe that such results could be very
useful for a large number of problems in hadron physics.
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